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In this article, we consider an operator L defined by the differential expression
l y y q x y , x R ,Ž . Ž . Ž .
Ž .in L R , where q is a complex-valued function. Under the condition2
 'sup exp  x q x  ,  0,Ž . 4Ž .
x
we have proved a spectral expansion of L in terms of the principal functions,
taking into account the spectral singularities. We have also investigated the
convergence of the spectral expansion of L.  2000 Academic Press
1. INTRODUCTION
Let us consider an operator L defined by the differential equation0
  y  q x y  y , x R  0,Ž . .
Ž . Ž . Ž .and the boundary condition y 0  hy 0  0, in L R , where q is a2
complex-valued function and h C. The spectral analysis of L has been0
 investigated by Naimark 15 . In this article, he has proved that some of
the poles of the resolvent’s kernel of L are not the eigenvalues of the
Žoperator. He has also shown that those poles which are called spectral
 .singularities by Schwartz 17 are on the continuous spectrum. Moreover,
he has shown that the spectral singularities play an important role in the
discussion of the spectral analysis of L , and if the condition0

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holds, then the eigenvalues and the spectral singularities are of finite
number, and each of them is of finite multiplicity.
Let E denote the set of all entire functions of exponential type which
are integrable over the real axis, and let E denote the dual of E. Now we
define

 f ,   f x  x ,  dx , i 1, 2,Ž . Ž . Ž .Hi i
0
Ž . Ž . for any finite f , f  L R , where  x,  is the solution of y 1 2 2
Ž . 2 Ž . Ž .q x y  y, subject to the initial conditions  0,   1 and  0,   h.x
 In 13 Marchenko has proved that
 f ,   f ,   E,Ž . Ž .1 2
and there exists a functional T E such that

f x f x dx T  f ,   f ,  .Ž . Ž . Ž . Ž .H 1 2 1 2
0
This relation is a generalization of the well-known Parseval equality for
the singular self-adjoint differential operators and is called a Marchenko
Parseval equality, where T is the generalized spectral function for the
 Ž . 2 Ž . Ž .boundary value problem y  q x y  y,  0,   1,  0,   h.x
These results of Naimark and Marchenko have been extended to the
Ž . Ž . 2 Ž .case where the potential function is q x  l l 1 x  p x , where p
Ž .is summable on every finite interval of 0, , and the three-dimensional
 Schrodinger equations by Gasymow 6, 7 .¨
 Lyance 11 has studied the effect of spectral singularities in the spectral
expansion in terms of the principal functions for the operator L .0
The Laurent expansion of the resolvent of the abstract non-self-adjoint
operators in the neighborhood of the spectral singularities has been
 investigated by Gasymov and Maksudov 8 and Maksudov and Al-
 lakhverdiev 12 .
The spectral analysis of some class of dissipative operators with spectral
 singularities has been studied by Pavlov 16 , using the theory of functional
   model 14 and scattering theory 10 .
Ž .Let us consider an operator L generated in L R by the equation2
y q x y  y , x R, 1.1Ž . Ž .
where q is a complex-valued function and  is a spectral parameter.
 The results of Naimark 15 have been generalized to the operator L by
 Blashak 5 ; he has proved that the operator L has a finite number of
eigenvalues and spectral singularities if

 q x exp  x dx ,  0, 1.2Ž . Ž . Ž .H

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holds. Now we consider the quadratic pencil of Schrodinger operators¨
Ž . Ž .L  , generated in L R by the equation2
 2 y  q x  2u x   y 0, x R ,Ž . Ž .
Ž .and the boundary condition y 0  0, where u, q are complex-valued
functions, and u is absolutely continuous in each finite subinterval of R.
Ž .If u 0, then the operator L  reduces to the operator L .0
Discrete spectrum, principal functions, and eigenfunction expansion of
the quadratic pencil of Schrodinger operators have been investigated in¨
   24 . In 1 it has been proved that the operator L has a finite number of
eigenvalues and spectral singularities, and each of them is of finite multi-
plicity under the condition
' sup exp  x q x  ,  0, 1.3Ž . Ž .Ž½ 5
x
Ž .which is weaker than 1.2 . Moreover, the properties of the principal
functions corresponding to the eigenvalues and the spectral singularities of
L have been obtained.
 In this paper, which is a continuation of 1 , we investigated the spectral
expansion of L with respect to the principal functions, using a contour
integral method and the regularization of divergent integrals, using
summability factors.
2. SPECIAL SOLUTIONS
Let us suppose that q satisfies the condition

 1 x q x dx . 2.1Ž . Ž . Ž .H

Ž . Ž . 2Under the condition 2.1 , Eq. 1.1 has the solutions for   ,  C,

 i x  i te x ,   e  K x , t e dt 2.2Ž . Ž . Ž .H
x
x
 i x  i te x ,   e  K x , t e dt 2.3Ž . Ž . Ž .H

 4 Ž .for  C   :  C, Im 	 0 , and the kernels K x, t satisfy
x t
 K x , t 
 C , 2.4Ž . Ž .ž /2
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where
 x
  x  q t dt ,  x  q t dt 2.5Ž . Ž . Ž . Ž . Ž .H H
x 
and C 0 is a constant.
Ž . Ž .Therefore e x,  and e x,  are analytic with respect to  in
 4C   :  C, Im  0 , continuous on the real axis, and satisfy
 i x  e x ,   e  o 1 ,  C ,   , 2.6Ž . Ž . Ž .
 i x  e x ,   e  o 1 ,  C ,   . 2.7Ž . Ž . Ž .
 The above results have been given in 1 .
3. THE SPECTRUM OF L
Let us define
  W e x ,  , e x ,  . 4Ž . Ž . Ž .
Ž  .It is clear that see 1, 5
 L   :  2 ,  C ,    0 ,Ž . Ž . 4d 
 L   :  2 ,  R,    0 , 4Ž . Ž .s s
 L  0,Ž . .c
	 L   :  2 ,  C ,   	 0 ,Ž . Ž . 4
Ž . Ž . Ž . Ž .where  L ,  L ,  L , and 	 L denote the eigenvalues, the spectrald ss c
singularities, the continuous spectrum, and the resolvent set of L, respec-
tively. Let
1  e x ,  e t ,  ;  t xŽ . Ž .2R x , t ;   3.1Ž . Ž . ½ e x ,  e t ,  ; x
 t   Ž . Ž .Ž .
be the Green function of L for  C .
  Ž .It is known from 1 that under the condition 1.3 L has a finite number
of eigenvalues and spectral singularities, and each of them is of finite
multiplicity.
 2 2Let  , . . . ,  denote the zeros of  in C i.e.,  , . . . ,  are the1 l  1 l
4eigenvalues of L with multiplicities m , . . . , m , respectively. Similarly, let1 l
 2 2 , . . . ,  be the zeros of  on the real axis i.e.,  , . . . ,  are thel1 k l1 k
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4spectral singularities of L with multiplicities m , . . . , m , respectively.l1 k
We need the Hilbert spaces
b 22 m H a, b;m  f : 1 x f x dx  ,Ž . Ž . Ž .H½ 5
a
m 0, 1, 2, . . .
Ž . Ž . Ž . Ž .Here a, b may be , 0 , 0, , , . We have previously obtained
 1
in 
n a  e x ,  ;  x 0Ž . Ž .Ý n i iž / ½ 5ž /i 
 i0 jU x ,  Ž .n j n

 0
 x e x ,  ;Ž .  jž / j 1, . . . , l , l 1, . . . , k

U x ,   L R , n 0, 1, . . . , m  1, j 1, . . . , l . 3.2Ž . Ž . Ž .n j 2 j
Ž . Ž . Ž .Here U x,  is an eigenfunction and U x,  , . . . , U x,  are the0 j 1 j m j1 j
Ž .associated functions of U x,  ,0 j
U x ,  H ,; m  1 ,Ž . Ž .Ž .n j 0
n 0, 1, . . . , m  1, j l 1, . . . , k . 3.3Ž .j
Ž .Here U x,  are the principal functions corresponding to the spectraln j
singularities and
 4m max m , . . . , m . 3.4Ž .0 l1 k
We can easily obtain that the resolvent operator of L is

R L f x  R x , t ;  f t dtŽ . Ž . Ž . Ž .H

Ž . Ž . Ž .for  	 L , where R x, t;  was given in 3.1 .
4. SPECTRAL EXPANSION
Let D denote the set of infinitely differentiable functions in R with
compact support. Evidently,

 x  R x , t ;   t  q t  t   t dtŽ . Ž . Ž . Ž . Ž . Ž .H

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for each D. Therefore,
 x 1Ž .
 R x , t ;   t  q t  t dtŽ . Ž . Ž . Ž .H
  

 R x , t ;   t dt . 4.1Ž . Ž . Ž .H

Let  denote the disc centered at the origin having radius r, and let 
r r
be the boundary of  . r will be chosen such that all eigenvalues andr
spectral singularities of L are in  . Let P denote the part of r r ,  r
consisting of the points  satisfying
 Im  
  , Re  0,
    P ,     P .r ,  r r ,  r r ,  r , 




P . 4.2Ž .r r ,  r , 
Ž .From 4.1 we obtain
1 1
 x  R x , t ;   t  q t  t dtŽ . Ž . Ž . Ž . Ž .H H½2 i 
 r

 R x , t ;   t dt d. 4.3Ž . Ž . Ž .H 5
Ž . Ž . Ž .Using 2.6 , 2.7 , and 3.1 , we see that the first term of the right-hand
Ž . Ž .side of 4.3 vanishes as r . Then considering 4.2 we get
1
 x  lim R L  x dŽ . Ž . Ž .H 2 ir , 0 
r , 
1
 lim R L  x d. 4.4Ž . Ž . Ž .H 2 ir , 0 
Pr , 
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Ž .We easily obtain that the first integral in 4.4 gives
l
R L d Res R L  x . 4.5Ž . Ž . Ž . Ž .ÝH  

 jR ,  j1
Here

R L  x  R x , t ;   t dt .Ž . Ž . Ž . Ž .H

Ž .  Now we want to reduce 4.4 to a spectral expansion. We know from 9
that if  , j 1, . . . , l are poles of the resolvent, then the principal partj
of the resolvent for  can be expressed in the formj
U V U V U V0 0 0 1 1 0  
  m   mŽ . Ž .j j1 j j2
U V U V  U V0 m 1 1 m 2 m 1 0j j j , 4.6Ž .
  j
where U , U , . . . , U are the eigenfunction and associated functions of0 1 m 1j
L corresponding to the eigenvalue  with order m , and V , V , . . . , Vj j 0 1 m 1j
are the eigenfunction and associated functions of the operator L
 adjoint
to L, corresponding to the eigenvalue  , j 1, . . . , l , which is uniquelyj
determined for the given U , U , . . . , U . And U V denotes the operator0 1 m 1 0 0j
defined by
B  , V U .Ž .0 0
Ž .Moreover, for every function  L R ,2
 , V , m 1, 2, . . . , m  1, j 1, . . . , lŽ .m j
Ž . Ž . Ž .is defined because of 3.2 . Considering 4.6 in 4.5 , we obtain the first
Ž .integral in 4.4 as follows:
m 1jl
R L  x d U x ,  V  ,  . 4.7Ž . Ž . Ž . Ž . Ž .Ý ÝH   m 1 j j
r j1 0
ASSUMPTION. Let us suppose that the operator L has no spectral
singularities.
Ž .Under the assumption, to reduce 4.4 to a spectral expansion, we first
Ž .  obtain the second integral in 4.4 , by using the classical method in 15 , as
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follows:
1
lim R L  x dŽ . Ž .H 2 ir , 0 
Pr , 
1
 R L  x  R L  x d. 4.8Ž . Ž . Ž . Ž . Ž . 4H i i0 02 i 0
Ž .Now we must evaluate the right-hand side of 4.8 . Since
W e x ,  , e x , 2 i, Im  0, x  4Ž . Ž .
and
W e x ,  , e x ,  2 i, Im  0, x, 4Ž . Ž .
Ž . Ž .then we can write e t,  and e x, as
2 i W e t ,  , e t , 4Ž . Ž .  e t ,   e t ,  e t , ,Ž . Ž . Ž .
   Ž . Ž .
4.9Ž .
W e x , , e x ,  2 i 4Ž . Ž .  e x ,  e x ,   e x ,  .Ž . Ž . Ž .
   Ž . Ž .
4.10Ž .
Ž . Ž . Ž .Substituting 4.9 and 4.10 in the right-hand side of 4.8 , we obtain
1
R L  x  R L  x dŽ . Ž . Ž . Ž . 4H i0 i02 i 
' 
 ' ' e x ,  e  ,  Ž . Ž .H ' '     Ž . Ž .
 ' 'e x ,  e  ,  d , 4.11Ž .4Ž . Ž .
where

 ' 'e  ,   e t ,   t dtŽ .Ž . Ž .H

and
   ' ' ' 'e x ,  , e x ,  , e x ,  , e x ,  ,  0, 4  4Ž . Ž . Ž . Ž .
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   ' ' ' 'e x ,   e x ,   , e x ,   e x ,  ,Ž . Ž . Ž . Ž .
' '*      .Ž . Ž .
Ž . Ž . Ž .The integral in 4.11 converges in the norm of L R . Taking 4.7 and2
Ž . Ž .4.11 into account, 4.4 takes the form
m 1jl
 x  U x ,  V  , Ž . Ž . Ž .Ý Ý  m 1 j j
j1 0
' 
 ' ' e x ,  e  ,  Ž . Ž .H ' '     Ž . Ž .
 ' 'e x ,  e  ,  d. 4.12Ž .4Ž . Ž .
Ž .Since D L , , we have the following:2
Ž . Ž .Remark. For every f L R the spectral expansion formula 4.12 is2
valid under the assumption, and the integral converges in the norm
Ž .of L R .2
Ž .Now we want to reduce 4.4 to a spectral expansion under the condition
Ž .1.3 , which guarantees the finiteness of eigenvalues and spectral singulari-
Ž . Ž .ties with finite multiplicities. It is clear that if    0 then    0.
Let  be the contour that isolates the positive numbers   2, j j
Ž .   0,   0, by semicircles with centers at  having the same radiusj j j
 in the upper half-plane; similarly, let  be the corresponding contour0 
2 Ž .for the positive numbers    ,    0,   0, in the lowerj j j j
half-plane, where j l 1, . . . , k. The radius  will be chosen such that0
Ž .two neighborhoods have no common points see Fig. 1 .
FIGURE 1
As easily seen from Fig. 1, we obtain
1
lim R L  x dŽ . Ž .H 2 ir ,  
Pr , 
1 1
 R L  x d R L  x d.Ž . Ž . Ž . Ž .H H 2 i 2 i  
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Ž . Ž .Hence, taking 4.7 into account, 4.4 will be as follows:
m 1jl
 x  U x ,  V  , Ž . Ž . Ž . Ý Ý j m 1j
j1 0
1
 R L  x d R L  x d . 4.13Ž . Ž . Ž . Ž . Ž .H H ½ 52 i   
LEMMA 4.1. There is a number C 0 such that, for eery finite function
Ž . L R ,2
 2 2 'e  ,  d




 ' 'e  ,   e x ,   x dx ,Ž .Ž . Ž .H

Ž .using 2.2 , we get
 
 i  x  i  t' ''e  ,   e  K x , t e dt  x dxŽ . Ž .Ž . H H½ 5
 x
  
i  x  i  t' '  x e dx  x K x , t e dt dx .Ž . Ž . Ž .H H H
  x
Changing the order of integration, we obtain

  i  t''e  ,   I K  t e dt , 4.15 4Ž . Ž . Ž .Ž . H

in which the operator I is the unit operator, and K is the operator
defined by
t K  t  K x , t  x dx .Ž . Ž . Ž .H

  Ž .We know from 1 that under the condition 1.3
  x t
K x , t 
 C exp .Ž . (½ 52 2
 Ž . Ž .Hence K is a compact operator in L R . Thus I K is continuous2
Ž . Ž .and one-to-one on L R . Using Parseval’s equality for 4.15 , we obtain2
 Ž . Ž . Ž .' '4.14 for e  ,  . The estimate for e  ,  can be proved
similarly.
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Ž .By Lemma 4.1, for each function  L R the limits2
N ' 'e  ,   lim e x ,   x dx 4.16Ž . Ž .Ž . Ž .H
N N
exist in the sense of convergence in the mean square on the real axis. Since
Ž . Ž . Ž . Ž .'D L R , 4.14 may be extended onto L R , where e  ,  must2 2




 1 x  x dx Ž . Ž .H

Ž . Ž .'then the functions e  ,  hae a deriatie of order  1 which is
absolutely continuous on eery finite interal of the half-axis  0.
There exists a number C such that
2
 d 2  'e  ,  d
 C 1 x  x dx . 4.17Ž . Ž . Ž .Ž .H Hž /d0 
The proof is similar to that of Lemma 4.1.
Ž .To transform 4.4 into the spectral expansion of L, it is natural to
Ž .transform formula 4.13 so that the integration contour shall become the
positive half-axis 	 0. Since the spectral singularities of L are the
Ž .squares of the real zeros of   , then the integrals over the positive real
Ž .axis are divergent in the norm of L R . Now we will investigate the2
Ž .convergence of these integrals in a norm weaker than the norm of L R .2
For this, we will use the technique of the regularization of divergent
integrals. So we will define the following summability factors:
n  Ž .j
 ;     , j l 1, . . . , kj  4.18Ž .n!jn   0;   	  ,j
where  0 is a sufficiently small number such that the -neighborhoods
Ž .of  are distinct. Furthermore, for an arbitrary function f  which isj
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differentiable often at the points  , . . . ,  we putl1 k
nm 1jk d
 f   f   f    . 4.19Ž . Ž . Ž . Ž . Ž .Ž . Ý Ý j jnž /dn0jl1
Ž .By 4.19 the points  , . . . ,  are roots of orders of at leastl1 k
Ž Ž ..m , . . . , m for the function  f  . In the neighborhood of a spectrall1 k
singularity or, what amounts to the same thing, a generalized eigenvalue
Ž  .as Gasymov and Maksudov called it in 8 , we can write the resolvent in
Žthe generalized Laurent expansion which means the function does not
need to be analytic at the neighborhood of the generalized eigenvalue, but
.it has a derivative of each order at these points , in terms of a generalized
eigenfunction and adjoint functions corresponding to the generalized
eigenvalue  , j l 1, . . . , k as we would for an ordinary singularity.j
Therefore, we can write the resolvent as follows. When H ,Žm 1.0
m 1jk n  Ž .jn
R L  x  U x ,  V  ,  dŽ . Ž . Ž . Ž . Ý Ý Ý H mj p n j  Ž .jn0 p0 jjl1
 R x ,  , Ž .Ž .1 , 4.20Ž .' Ž .
where

R x ,  ,   R x , t ,   t dtŽ . Ž . Ž .Ž .H1 1

and
 ' 'e x ,  e t ,  ;  t xŽ . Ž .
R x , t ,  Ž .1  ½ ' 'e x ,  e t ,  ; x
 t ,Ž . Ž .
the kernel of the resolvent is
1
R x , t ;   R x , t ;  .Ž . Ž .1' Ž .
Ž . Ž . Ž .Furthermore, by 2.20 , U x,  is a generalized eigenfunction; U x,  ,0 1
Ž .. . . , U x,  are associated functions of generalized eigenvalue  ; andm 1 jj
Ž . Ž .V  ,  , . . . , V  ,  are -Fourier transformations of the generalized0 m 1j
eigenfunction and associated functions of the operator L
 adjoint to L,
corresponding to the generalized eigenvalue  , j l 1, . . . , k. That is,j
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for H ,Žm 1.0
 , V , k 0, . . . , m  1, j l 1, . . . , k ,Ž .k j
Ž .is defined because of 3.3 .
Let us define
     ,    , j l 1, . . . , k ,Ž .j j j
k
  R  .0 j
jl1
  are the semicircles, centered at  , lying on  .j j 
Ž .Integrating 4.20 over  and  , we get 
1
R L  x dŽ . Ž .H 2 i 
m 1jk n1  Ž .jn U x ,  V  ,  dŽ . Ž . Ý Ý Ý H mjp n j½2 i  Ž .jn0 p0 jjl1
 R x ,  , Ž .Ž .1 dH
 5'  Ž .j
1  R x ,  , Ž .Ž .1 d 4.21Ž .H2 i '  Ž .0
1
R L  x dŽ . Ž .H 2 i 
m 1jk n  1 Ž .jn U x ,  V  ,  dŽ . Ž . Ý Ý Ý H mjp n j½2 i  Ž .jn0 p0 jjl1
 R x ,  ,Ž .Ž .1 dH
 5'   Ž .j
1  R x ,  ,Ž .Ž .1 d. 4.22Ž .H2 i '   Ž .0
Ž Ž .. Ž .Ž Ž Ž .. Ž ..' 'Here  R x,  ,     R x,  ,    is analytic in1 1
Ž .Im  0 Im  0 and has a derivative of each order on a real axis.
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Ž . Ž .Subtracting 4.22 from 4.21 , we obtain
1
R L  x d R L  x dŽ . Ž . Ž . Ž .H H ½ 52 i   
m 1jk n  1 Ž .jn U x ,  V  ,  dŽ . Ž . Ý Ý Ý H mjp n j2 i  Ž .jn0 p0 jjl1
m 1jk n  1 Ž .jn U x ,  V  ,  dŽ . Ž . Ý Ý Ý H mjp n j2 i  Ž .jn0 p0 jjl1
1  R x ,  ,   R x ,  ,Ž . Ž .Ž . Ž .1 1  d. 4.23Ž .H ½ 52 i ' '    0 Ž . Ž .
Ž . Ž . Ž . Ž .Taking 4.9 , 4.10 , and 4.11 into account, 4.23 then will be
1
R L  x d R L  x dŽ . Ž . Ž . Ž .H H ½ 52 i   
m 1jk n
 U x ,  V  ,  Ž . Ž . Ý Ý Ý jp n jn
n0 p0jl1
'1 
 ' '  e x ,  e  ,  Ž . Ž .H
 ' '    0 Ž . Ž .
 ' 'e x ,  e  ,  d , 4.24Ž .4Ž . Ž .
where
 1  Ž .jn
dH m j2 i  Ž .j j
 j l 1, . . . , k , m 0, . . . , m  1.  4.25Ž .jjn
 1 Ž .jn d.H m j 2 i  Ž .j j
Let us consider the operators  and  given by1 2
m 1jk n
  x  U x ,  V  ,   , 4.26Ž . Ž . Ž . Ž .Ý Ý Ý j1 p n jn
n0 p0jl1
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Ž .where  is defined by 4.25 andjn
'1 
 ' '  x   e x ,  e  , Ž .  Ž . Ž .H2  ' '    0 Ž . Ž .
 ' 'e x ,  e  ,  d. 4.27Ž .4Ž . Ž .
Ž . Ž . Ž . Ž . Ž .So, from 4.26 and 4.27 the right-hand side of 4.24 is  x   x .1 2
 Ž . Ž . Ž'Since H , we can apply , defined by 4.19 , to e x,  e  ,Žm 1.0
 . Ž . Ž .' ' '   e x,  e  ,  .
LEMMA 4.3. For each H there exist constants C  0 andŽm 1. 10
C  0 such that2
     
 C  4.28Ž .Ž m 1. Žm 1.1 10 0
     
 C  4.29Ž .Ž m 1. Žm 1.2 20 0
Ž .  hold, where m is defined by 3.4 , and . denote the norms of H . n0  n
Ž . Ž .Proof. From 4.18 we get the absolute convergence of  . Using 3.3 ,jn
Ž . Ž . Ž .4.14 , and 4.17 , we obtain that  x is continuous from H into H1 m m0 0
or from H into H . Therefore there exists a constant C  0Ž m 1. Žm 1. 10 0
Ž .such that 4.28 holds. Now using the integral form of the remainder in the
generalized Taylor expansion, we have
   ' ' ' ' e x ,  e  ,   e x ,  e  ,  4Ž . Ž . Ž . Ž .
    ' ' ' 'e x ,  e  ,   e x ,  e  ,  ,Ž . Ž . Ž . Ž .
0
1 m 1j Ž .Hm  1 !Ž . j j
m j
 4.30Ž . ' ' e x ,  e  , Ž . Ž .½ ž /

 ' 'e x ,  e  ,  d ,Ž . Ž . 5
 , j l 1, . . . , k .j
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If we use the notations
'1 
j  ' '  x   e x ,  e  , Ž .  Ž . Ž .H2  ' '     Ž . Ž .j
 ' 'e x ,  e  ,  d , j 0, l 1, . . . , k ,4Ž . Ž .
Ž .then from 4.30 we have
   0   l1   k . 4.31Ž .2 2 2 2
First we will prove the continuity of  j , j l 1, . . . , k, from H2 Žm 1.0
Ž .into H . It is trivial from 4.30 thatŽ m 1.0
m 1j '1    
Ž .
j  ' '  x  e x ,  e  , Ž . Ž . Ž .H H2 ½ ž / 
' '      Ž . Ž .j j
 ' 'e x ,  e  ,  d d. 4.32Ž .Ž . Ž . 5
Changing the order of integration, we get
1
j  x Ž .2 2 i m  1 !Ž .j
m jd  j j  ' ' d e x ,  e  ,  Ž . Ž .H H ž /½ d j
m 1j '  Ž . ' 'e x ,  e  ,  d4Ž . Ž . ' '    Ž . Ž .
m j
 dj j  ' ' d e x ,  e  ,  Ž . Ž .H H ž /d  j j
m 1j '  Ž . ' 'e x ,  e  ,  d .4Ž . Ž . 5' '    Ž . Ž .
Observing that
m j' '       a  ,Ž . Ž .Ž . Ž . j j
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Ž .where a is holomorphic in a neighborhood of the point  and a  	 0j j j j
and that
m 1j Ž .j dH ' '     Ž . Ž .
d d  j jŽ1. 
M Ž .H Hj  a   Ž . Ž . Ž . j j j
jŽ1.M  ln  Ž . Ž .½ 5j j 
M Ž1.  ln   ln   , if   , 4.33 4Ž . Ž . Ž . Ž .j i j
similarly,
m 1j Ž .
dH ' '     Ž . Ž .j
d Ž2. 
M  ln  Ž . Ž .H j j  j  a Ž . Ž . j jj
Ž2.M  ln  Ž . Ž .½ 5j j  j
M Ž2.  ln     ln  , if   , 4.34Ž . Ž . Ž . 4Ž .j j j
where
1 1
Ž1. Ž2.M   max , M   max .Ž . Ž .j ja  a    Ž . Ž .  ,      , j jj j
Ž . Ž . j4.33 and 4.34 show that  , j l 1, . . . , k, are integral operators with2
Ž .kernels having logarithmic singularities. Equation 4.32 can be written as
m kj d
j  ' '  x  b x ,  e  ,   e  ,  d .Ž . Ž .  4Ž . Ž .ÝH2 k j ž /d j k0
If we define
2
 b x , Ž .k j
B  d dx ,H Hk j m 10 0  1 xŽ .j
Ž . Ž . Ž .then B   by 3.3 , 4.33 , and 4.34 .k j
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Since
2j  xŽ . Ž . m 12 0
2m kj d
 ' '
 B e  ,   e  ,  d 4Ž . Ž .Ý Hk j ž /d jk0
2m kj  d
 ' '
 B e  ,   e  ,  d 4Ž . Ž .Ý Hk j ž /d0k0
holds, considering Lemma 4.1 and 4.2, we get
 j       
 C  
 C  , j l 1, . . . , k , 4.35Ž .Ž m 1. m Žm 1.2 j j0 0 0
where C  0 are constants.j
Now we consider the operator  0 defined by2
'1   Ž .00  x Ž . H2 2 i ' '    0 Ž . Ž .
   ' ' ' ' e x ,  e  ,   e x ,  e  ,  d , 4Ž . Ž . Ž . Ž .
4.36Ž .
Ž .where  is the characteristic function of the interval. From 4.36 , similar0
to the proof of Lemma 4.1, we obtain
 2 20  x dx
 C  x dx ,Ž . Ž .H H2 0
 
where C is a constant. Since0
H  L R HŽ .Žm 1. 2 Žm 1.0 0
holds, we get
 0     
 C  . 4.37Ž .Ž m 1. Žm 1.2 00 0
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Ž .THEOREM 4.4. Under the condition 1.3 , the spectral expansion
m 1jl
 x  U x ,  V  , Ž . Ž . Ž . Ý Ý j m 1j
j1 0
'1 
 ' '  e x ,  e  ,  Ž . Ž .H2 i ' '    0 Ž . Ž .
 ' 'e x ,  e  ,  d4Ž . Ž .
m 1jk n
 U x ,  V  ,   4.38Ž . Ž . Ž .Ý Ý Ý jp n jn
n0 p0jl1
of L in terms of the principal functions holds for any H , and theŽm 1.0
Ž .integrals in 4.38 conerge in the norm of H , where  and  areŽ m 1. jn0
Ž . Ž .defined by 4.19 and 4.25 , respectiely.
Ž . Ž . Ž . Ž .Proof. Using 4.13 , 4.24 , and 4.25 , we obtain 4.38 . The conver-
gence of the integrals in the norm of H has been given in Lem-Ž m 1.0
ma 4.3.
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